Abstract. Bruinier and Ono classified cusp forms of half-integral weight
Introduction and results
Much is known about the divisibility of the Fourier coefficients of modular forms of integral weight. When the weight is half-integral, the situation is not as clear. The distribution of the coefficients of modular forms of half-integral weight in congruence classes has been studied by, among others, Balog, Darmon, and Ono [3] , Ono and Skinner [8] , [9] , Brunier [4] , Bruinier and Ono [5] , and Ahlgren and Boylan [1] , [2] .
Let S k 2 (Γ 0 (N ), χ) be the space of cusp forms of weight k 2 on the congruence subgroup Γ 0 (N ) with Dirichlet character χ (see Chapter 3 in [7] for the basic definitions of a cusp form). Recently Bruinier and Ono proved in [5] 
] has a special form (see (1.1)) modulo an odd prime if F (z) does not satisfy the following property: for every integer r
Ahlgren and Boylan obtained the following bounds for the weights of cusp forms not satisfying the above property. 
(iv) F (z) ≡ 0 (mod ), and there are finitely many square-free integers n 1 , n 2 , . . . , n t such that
Then the following are true:
In this note, we give an elementary proof of Theorem 1.1 (1). They used these bounds to prove Newman's conjecture [2] for the partition function for prime-power moduli. These bounds were proved in [2] by using Galois representations and Shimura-lifting. Here we obtain a simple proof of these bounds by arithmetic of filtrations of modular forms when n i for some i.
Modular forms mod
Throughout this section, we fix an integer N ≥ 1 and a prime N . We will recall the definitions and results that will be needed for our proof. The theory of modular forms modulo was developed by Serre [10] and Swinnerton-Dyer [11] for forms of level 1. We will recall the definitions and results that will be needed for the next section. For proofs when N ≥ 4 and N , see Gross [6] . Denote by M k the space of modular forms of weight k on Γ 1 (N ) with integer
] be the (coefficient-wise) reduction of f mod . We write M k := {f |f ∈ M k } for the space of weight k modular forms modulo with level N .
The filtration ω(f ) of a modular formf ∈ M k is defined to be
For an positive integer m, the operator U m acts on q-expansions by
Note that if T denotes the -th Hecke operator on M k , then f |T ≡ f |U (mod ), so U acts on the spaces M k . We define the theta operator by its effect on Fourier expansions:
We record some basic properties of the filtration of a modular form modulo . 
χ))∩Z[[q]] with the property that
We have
(see Chapter 3 in [7] ). Here,
denotes the Jacobi symbol. Note that
In this case, F v (z)|U n v has the form
This implies that (
. Thus, we have
since from Lemma 2.1 (2) and (3)
by Lemma 2.1 (3), (4) and (5), where m and r are integers such that m + r ≤ i λ and 0 ≤ r ≤ − 1. Let
Thus, we may assume that
Note that
by Lemma 2.1 (5). This contradicts (3.1). Thus, we have
This implies that if m = −1 and r = −2, then λ = −2. Suppose that m = −1 and
We have 2i λ ≥ 2(i λ − t) ≥ − 3 = λ − 1. Thus, from now on, we assume that r = − 1 if m = −1. Now we consider the value ω(θ +1 2 G(z)). Combining Lemma 2.1 (3) and (4), we obtain (3.3) 
